[Terry Lee]

HSC Ext 2 2015 Solutions

Multiple Choice

1D) b’ =a’(e’ -1), sincee:§>l

b 13 b 4

e === 22
a 9 a 9

,a2:32b2:22

2A) T -24i =16 -9-2x4x3i =4-3i
3 A) double root at 1, quintuple root at —3
4 C)P'(x)=3x"+2x-5,..P1)=P'(1)=0

5B)z= ﬁcis(—zj
4

6C)u= x%,du = 2xdx;dv = sin xdx,v = —cos x
I =uv— Ivdu =—x"cosx + J'2xcosxdx

7 A) either left or right

8B)y’ = /() & y=t{f(®)

9 D) From i to the centre 1 is V2 plus the radius 1

10C) =1+2+...+101—121(1+101) 5151

Question 11

4+3i (4+30)(2+i) 5+10i

(a) = = =1+2i
2—i  (2-0)(2+9) 5
®)G) 7] =‘—\B +i‘ =
(i) arg() ="
(i) arg—=argz—argw= sw_zm _ 27
gw g g 6 7 42
1 _ A4 Bx+C
x(x*+2) x  x*+2
A=1lim ! —l

B= —%, by equating the coefficients of x’

C =0, by equating the constants

d) Foci( +/a? 0) (£3,0)

S|

() x+x’y’ ==2

1+2xy3+3x2y2Q=0
X

ﬂ_—l—2xy3
dx 3x2 :
dy -1+4 1

At (2,—
12 4

%
2cos” —
(f) (1) cot@ +cosecd = COS.0+1 = 2 =cot§

sin¢ 2sin Qcos Q
2 2

(i1) I(cote + cosecH)dl = J‘cotgdﬁ

COS— 9
- —éde - 21n(sin—J+ C
Sina 2
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Question 12
(a) (i) z = 2cis% =2(1+9)

(i)u=2"= 4cis%= 4i

(i) v=2—Z =4i—2(1-i) =2 + (4 +2)i

v

(b) (1) Since all coefficients are real, the roots are
a*ib and a £ 2ib.
a=4a=4,".a=1
[Ma=(a®>+b*)(a* +4b°) = (1+b*)(1+4b%)
=1+5b> +4b* =10,.. 4b* +5b> =9 =0
(40> +9)(b* —1)=0,.. b =1, since b is real and
positive.
..Rootsare 1+7,1+2i
(1) P(x)=(x—1=0)(x—14+)(x —1-20i)(x — 1+ 2i)
=(x" —2x+2)(x* - 2x+5)

©) (i) (x=2)(x-5) _x —7x+10:
x—1 x—1

Equation of asymptote y =x—6
(i) A

x—6+i
x—1

pa
-
-

’m _1

b

(d) oV =27xRhOx, where R=3—x),h=y=~x+1
3
V= 27ZJ. B—x)x+1dx
0

Letu’ =x+1,2udu=dxandx=u’—1,-.3—-x=4—u"

When x=0,u=1; whenx =3,u =2

2
V= 27Z'J. (4 —u”)u2udu
1

2
= 472'.[ (4u2 — u4)du
2
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Question 13

(a) (1) Sub QO(atan,bsecd) to H,
LHS = tan” @ —sec’d=-1=RHS, .. Qe H,
(ii) m = b(secd —tan 0) _ b
a(tan @ —secf) a

y—bsecé’:—é(x—atanﬁ)
a

ay —absec = —bx + abtan @

bx +ay = ab(tan 0 + secf)

(ii1) Area(AOPQ) = % PO xd, where d =

Perpendicular distance from O to PQ.

PO = |sec0 —tan 0| Vb’ +a’

J |ab(tan 0+ sec 0)|
\/a2 +b’

ab\b* +a* (5602 6 — tan? 9)

.. Area(AOPQ) =

Na® + b’
= ab, which is independent of 6.

(b) 1) AB* =0A* —OB* =a’ - I®

S AB=~Na* - K B

(can't think of a better way

h
to do this question)
(ii) 8V = AB* x 0h o
a 374 3
V=J' (@ —Wydh=| ah =" 20
0 3 0 3

(c) () S =4rnr*,.. a5 =8zr
dr
1
dr_drdS _ L(“_”y
dt dSdt 8zxr\ 3

(i) V= i/ﬂ”3, a =471’
3 dr

1 1
4V _dVdr_dzr'(dz} _rfdz)s
dt  dr dt 8rnr \' 3 3

2
1
zl 47zr 3:1V%
20 3 2

1 64000 1 T
(iii) d—V=lV3,.-.J' o 3dV=J. dt
a2 0

8000

P 64000

3V§ 2 64000
ST=2 5 ={3V3} =3600 sec.

8000

8000

Question 14

(a) (i) a%sin”‘1 Ocos@=(n—1)sin" > @cos’* @ —sin" O
=(n-1)sin"” 0(1-sin 0) —sin" 0
=(n-1)sin"?*@—(n—1)sin" @—sin"

=(n—1)sin"> @ —nsin" @

(11) I:Sin’Fl HCOS 9]5 = (n _ 1)J.Esinn—2 «9d9
0 0

—nj‘zsin" 6d 8, by integrating both sides of the
0

result of part (i) with respect to 8, from 0 to %,

0=(n-— 1)J7s,in"-2 0d6 - nfsin" 0do.
0 0
J.Esin" odo=""1 I %5in"2 9d6.

0 n 0

(iii) Let 7, = _[ 2 sin* 046

0

3
142112
1
[22510
10=fd9=1
0 2
3 1 n 37
=—X—X—=—

422 16

(b) () p=2ap.
(a+p+y)Y=Xa’*+2Xaf
0=16+2(-p)
L p=8.
(i) x* = px—q
Yal=pXa-3q
9=0-3q
Sqg=3
(iii) x* = px* —gx
Yat=pYXa’-qXa=16p-0=16x8=128

$
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(c) (i) Resolving the forces

vertically, N cos@ — uNsind =mg D
2
horizontally, Nsin@ + uN cos8 = m 2)
r

[©)] gives V- Vv _sin@+pcosd _ tanf+pu
) rg " cosO— ,usmé? 1— utan@’
. tanf+ u

1—utan @
(ii) When V'* = rg, if the tendency to slide up the
track still exists, then M =

1—ptand
tanf+ pu=1- utané
H(l+tanf)=1—-tand
_1-tan® - 2tand
1+tand 1+tand
For 0 < 9<£,tan¢9 >0,.. 2tan6 >0, u<l
2 1+tan@

Question 15

. dv )
(a) (1) a _Z__kv

5§=—kfm
;
1

——=—kt+C
»

Whent=0,v=u,.. C=—l
u

1 1
So—=kt+—.
A% u

(11)a——=—kw -g
jg—i—sz_ Idt

k
_tan "w ——t+C

Whent=0,w=u,..C=

JE
tan u |—
el ﬁ
t= tan'u [— —tan"' w

g

(iii) When w=0,f = ——tan"' u_|—.

1
gk g
Sub to the result of (i), letting v=V

1 k ko1
—= tan —+—
u

=_+ftan f
g
T 4

. 1 B
(iv) When u — 00,— — 0,tan" u, |— — —
u g 2

A N
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b)) Ifx>0, 1-x* <1, (1-x)(1+x)<1

.'.l—xSL, since 1+x>0
1+ x

1 . .
Also, 1— <1 since the denominator > numerator
+Xx

1
Sl-x<—<1

1+x

1 1 1
(ii)J'"(1—x)dst'”des " d
0 0o 1+x 0

1

[x - %zl < [111(1 " x)}j < %

l—iﬁnln(lJrljSl
2n n

(iii) When 71 — o0, —> 0, . nln(1+lj 1
2n n

(This is the sandwich theorem: if g(x) < f(x) < h(x)
and lim g(x) =limA(x) = L, then lim f(x)=L)

.'.ln[1+lj —1=lne
n

(1+lj —>e
n
(c)(i)Ifx,y>0,x+y=\/(x+y)2=\/x2+y2+2xy
.'.x+y£«/x2+y2
2 2 2 2
.-.\/Esx;yg\/x i s\/x Y

2 2

2 2
(i) Vab < | ;b
2 dZ
\/_dS c +
: NV 2

a’ +b?

JabJed <\ —2

¢ +d’

’ 2 2
X +)7
2 , aS A/Xy < >

2 2 2 2
4’—abcd£\/a +b°+c” +d

4

Question 16

(a) (1) The number of ways to place a black counter
on each column = 3,.". for 5 columns, it's 3°.
Total number of ways = °C, x '°C,, = °C;, since
there are "°C ways to place 5 black counters in the
15 cells and '’C,, ways to place the 10 white cells.
3 243 81

5C, 3003 1001

(i1) If there are n rows and ¢ columns, then

there are n ways to put a black counter in each
column, .". for g columns, it's n?.
Similar to part (i), the total number of ways to place

g black cells in ng cells is “C, x"™C,  ="C,.

n‘l

S Pr= e
C‘]

“0l(ng —q)) 41
(iii) pront q\(ng—q)! _ nig!

(ng)!  (nq)(ng—1)..(ng—q+1)

!
Thus, when n — oo, Pr — q—q
q
(b) (1) Let cosa =c,sina =s

2 2
(c+is)" =c™" + [ ancz"'l (is) + ( Znch"_z (is)?

2n) a0 (20 5,4
+ 3 c " (is) + 4 " (s) + ..

2n 2+ \2n-2 2n . \2n-1 . \2n
+ c (1s + c(1s + (s
[2,1_2} )" | 7 e+ )

=cos2na +isin2na, by De Moivre's theorem.
Given i* = -1, by equating the real parts
2n

5 Jcosz"'2 asin’ a

cos2na =cos™" o — [

2n . .
+[ A cos” *asinta+...+(=1)"sin* a.
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(ii) Let o = cos™ x,cos(cos™ x) = x,sin’ & =

2 2
l-cos"a=1-x",

2n
cos(2n cos™ x) =x"a - ( 5 ]x2"2 (1-x%)

LGj 2n—4 252 n 2\n
+ x"A=-x)Y +. 4+ DA -x0)

4
(iii) Let cos(2ncos ' x) =0
2ncos x=£+lm=M
2 2
ot kD7
4n
v=cos DT 010, 2n-1

4n
Vg RY/1 (4n-DH
X =C0S—,C0S—,...,C0S————,
4n 4n 4n
3 4n -1
o= coslcos—”...cosu
4n 4n 4n

_ (=1)*" (=1)"
coefficient of x*"

D"

=—7 . (1)
n 2n 2n
I+ + +..+
SHEG
3 2

2n 2n 2n -
w1+ + ..+ =2""
2 4 2n

dn-Dx (=1
. From (D,COSlcosg)—ﬂ...cos( n-z = ( - l
4n 4n 4n 2

2n
(iv) From cos(2ncos™ x) = x*" —( 5 ]xz"z (1-x%)

2
+[ nsz""4(l—x2)2+...+(—1)"(1—x2)”, letx =

4 J2°

2
I { [sz (sz (mﬂ
RHS=—|1-| 7" |+] 7" |-+ (=D
2" 2 4 2n
-.1—(2”j+[2”j—...+(—1)" (anzz" cos’Z.
2 ) (4 2 2

Alternatively, from (2), let x =i and x = —i respectively,

L 1 2n) . (2n 2n) . Iy 2n
A+ =1+ | i— 5 171 3 i+..+(=1 on
L =1 2n)_  (2n 2n . " 2n
-0 = —[ | Jl—[2]+(3]l+...+(—) [2’1]
. 1 ~2n 1 ~2n_21 2” 27[
LA+ +(A-0)" = | 5 + 47

" 2n
(3]
1 2n 2n Iy 2n
1=, + 4 -+ (=1 o

A+ (-0
- 2

1 P 2n - 2n
=— x/Ecis— + x/icis—
2[( 4 4
2"( . . —nx
=—| cisS—+cis——
2 2 2

n

LHS = cos(Zn x%j = cos—ﬁ

=—x 2cosE
2 2

nr
=2"cos—.
2
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